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PURELY LOG TERMINAL BLOW-UPS OF
THREE-DIMENSIONAL TERMINAL SINGULARITIES
S. A. KUDRYAVTSEV
Abstract. The purely log terminal blow-ups of three-dimensional
terminal toric singularities are described.
Introduction
The purely log terminal blow-ups of three-dimensional terminal toric
singularities are studied in this paper. The main result is the following
theorem.
Theorem. Let f : (Y,E) → (X ∋ P ) be a purely log terminal blow-
up, where (X ∋ P ) is a three-dimensional terminal toric singularity
and f(E) = P . Then either f is a toric morphism up to analytic
isomorphism (X ∋ P ) ∼= (X ∋ P ), or f is described in section 2.
This theorem gives the decision of the following problem in a case of
toric singularities.
Problem. Describe the class of all log del Pezzo surfaces and generic
P1-fibrations which can be the exceptional divisors of some purely log
terminal blow-ups of three-dimensional terminal singularities.
This problem is a very important one in studying three-dimensional
Mori contractions. In the theory of complements there is the inductive
approach to classify the three-dimensional extremal contractions (see,
for example, [11], [10], [5]). Nowadays the problem above-mentioned
is the only one difficulty to obtain new results (see [5]). We can try to
avoid this difficulty [12, Example 7.8]. In practice it is impossible to
make it because of the great amount of calculations.
Note that the theorem above-mentioned is the logarithmic version of
main theorem of the paper [7].
I am grateful to Professors Yu.G. Prokhorov and I.A. Cheltsov for
valuable advices.
This work was done with the partial support of the Russian Foundation for Basic
Research (grant no. 02-01-00441), the President grants (grant no. 489-2003.01 and
grant MK-1285.2003.1).
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1. Purely log terminal blow-ups and their properties
All varieties considered are defined over C, the complex number field.
The main definitions, notations and notions used in the paper are given
in [3]. The germ of a variety X at a point P is denoted by (X ∋ P ).
Definition 1.1. Let (X ∋ P ) be a log canonical singularity and let
f : Y → X be its blow-up. Suppose that the exceptional locus of f
consists of only one irreducible divisor: Exc f = E. Then f : (Y,E)→
(X ∋ P ) is called a purely log terminal blow-up if the divisor KY + E
is purely log terminal and −E is f -ample.
Remark 1.2. Definition 1.1 implicitly requires that the divisor E be Q-
Cartier. Hence Y is a Q-gorenstein variety. By inversion of adjunction
KE +DiffE(0) = (KY + E)|E is a kawamata log terminal divisor.
Proposition 1.3. [9, Corollary 2.11] Using the notations of Definition
1.1, the variety f(E) is normal.
Proof. Let DY ∈ |−n(KY +E)| be a general element for n≫ 0. Then
f(E) is a minimal center of LCS(X, 1
n
D), where D = f(DY ). Hence
f(E) is a normal variety by [2, Theorem 1.9]. 
Remark 1.4. Using the notations of Definition 1.1, we have the follow-
ing properties of purely log terminal blow-ups.
1) If (X ∋ P ) is a log terminal singularity then −(KY + E) is a
f -ample divisor. The purely log terminal blow-up of log termi-
nal singularity always exists under the assumption that the log
minimal model program holds [4, Theorem 1.5] (see theorem
1.7).
2) If (X ∋ P ) is a strictly log canonical singularity then a(E, 0) =
−1. The purely log terminal blow-up of strictly log canonical
singularity exists if and only if there is only one exceptional
divisor with discrepancy −1 under the assumption that the log
minimal model program holds [4, Theorem 1.9].
3) If (X ∋ P ) is a Q-factorial singularity then Y is Q-factorial
also and ρ(Y/X) = 1 [9, Remark 2.2]. Hence, for Q-factorial
singularity we can omit the requirement that −E be f -ample
in Definition 1.1 because it holds automatically.
4) Let fi : (Yi, Ei) → (X ∋ P ) be two purely log terminal blow-
ups. If E1 and E2 define the same discrete valuation of the
function field K(X) then the blow-ups f1 and f2 are isomorphic
[9, Remark 2.2].
5) See the papers [9] and [4] about the inductive properties of
purely log terminal blow-ups.
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Proposition 1.5. [4, Corollary 1.13] (cf. [7, Proposition 1.2]) Notation
as in definition 1.1. Assume that we do not require −E to be ample
over X. Then such blow-up differs from a purely log terminal blow-up
by a small flopping contraction (with respect to the canonical divisor).
Example 1.6. 1) Let f : (Y,E)→ (X ∋ P ) be a toric blow-up of toric
Q-gorenstein singularity, where Exc f = E is an irreducible divisor.
Then KY + E is a purely log terminal divisor. The blow-up f can
differ from a purely log terminal blow-up (in the case of non-Q-factorial
singularity only) by a small flopping contraction only by proposition
1.5.
2) A two-dimensional toric singularity is a cyclic quotient singularity.
A purely log terminal blow-up is toric always [9, Example 2.4].
3) The two-dimensional non-toric log terminal singularities have the
types Dn and Ei, where i = 6, 7, 8. The purely log terminal blow-up is
unique for these singularities and it is the extraction of a central vertex
of minimal resolution graph [9, Example 2.4].
Theorem 1.7. [4, Theorem 1.5], [9, Proposition 2.9] Let X be a kawa-
mata log terminal variety and let D 6= 0 be a boundary on X such that
(X,D) is log canonical, but not purely log terminal. Suppose LMMP is
true or dimX ≤ 3. Then there exists an inductive blow-up f : Y → X
such that:
(1) the exceptional locus of f contains only one irreducible divisor
E (Exc(f) = E);
(2) KY + E +DY = f
∗(KX +D) is log canonical;
(3) KY +E+ (1− ε)DY is purely log terminal and anti-ample over
X for any ε > 0;
(4) if X is Q-factorial then Y is also Q-factorial and ρ(Y/X) = 1.
2. Non-toric purely log terminal blow-ups
In this section we construct the examples of non-toric purely log
terminal blow-ups. The case of non-singular point, the case of cyclic
singularity and the case of ordinary double point are considered in
items 2.1–2.7, 2.8 and 2.9–2.11 respectively.
2.1. At first we consider the general construction of purely log terminal
blow-ups. Then we prove its existence in special cases. After that our
special cases are studied in detail.
Let (X ∋ P ) = (C3 ∋ 0) and g : Z → (X ∋ P ) be a weighted blow-
up with weights (β1, β2, β3), Exc g = S. Consider some non-singular
curve Γ on S, which is not a toric subvariety of Z. Let h : Y˜ → Z be a
blow-up of Z along a curve Γ, Exch = E˜ is an irreducible divisor. We
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assume that h is a toric morphism near a generic point of Γ. In detail,
a generic point Q of Γ lies in a smooth locus of Z. Let H be a general
hyperplane section passing through Q. Then h induces a purely log
terminal blow-up h|H˜ : H˜ → H , where H˜ is a proper transform of H .
The morphism h|H˜ is a weighted blow-up with weights (α1, α2). To be
definite, assume that h∗S = S˜ + α1E˜.
Let Y˜ → Y be the divisorial contraction of S˜ to a point, where S˜ is
the proper transform of S. We obtain a purely log terminal blow-up
f : Y → (X ∋ P ), where Exc f = E. The morphism f is non-toric.
2.2. Now we write our cases. Equality (1) gives the precise definition
of a curve Γ.
Type An) Put (β1, β2, β3) = (
a2+a3
k
, a2d1, a3d1), where k | (a2 + a3)
and Γ ∼ O
P
(
a2+a3
k
,a2,a3
)(a2 + a3);
Type D2k+2) Put (β1, β2, β3) = (2, 2k, 2k + 1), S = P(1, k, 2k + 1),
Γ ∼ OP(1,k,2k+1)(2k + 1), where k ≥ 1.
Type D2k+1) Put (β1, β2, β3) = (2, 2k − 1, 2k), S = P(1, 2k − 1, k),
Γ ∼ OP(1,2k−1,k)(2k), where k ≥ 2.
Type E6) Put (β1, β2, β3) = (3, 4, 6), S = P(1, 2, 1), Γ ∼ OP(1,2,1)(2).
Type E7) Put (β1, β2, β3) = (4, 6, 9), S = P(2, 1, 3), Γ ∼ OP(2,1,3)(3).
Type E8) Put (β1, β2, β3) = (6, 10, 15), S = P2, Γ ∼ OP2(1).
Consider a divisor
D =
2∑
i=1
1
2
{ϕ(x1, x2, x3) + ψi(x1, x2, x3) = 0}
on X, where the polynomial ϕ is quasihomogeneous with respect to
weights (β1, β2, β3) and defines a corresponding Du Val singularity. The
polynomials ψi are general and have the large degrees. We have
(1) Γ = DZ |S = ˜{ϕ = 0}|S,
where DZ and ˜{ϕ = 0} are the proper transforms of the divisors D and
{ϕ = 0}.
2.3. Let us prove the existence of construction.
Lemma 2.4. The linear system |2nDY˜ | gives a required divisorial con-
traction Y˜ → Y , where n≫ 0.
Proof. Let
TZ ∈
∣∣∣−m(KZ +DZ + α1 − 1
α1
S
)∣∣∣
be a general element of linear system for m≫ 0. This system is either
very ample over X, or Q-linearly trivial over X. In second case TZ = 0.
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By the construction of g the pair (Z,DZ + (1 − ε)S) is kawamata log
terminal for any ε > 0. Therefore, the pair (X,D + 1
m
T ) is kawamata
log terminal, where T = g(TZ). We have a(S,D +
1
m
T ) = −α1−1
α1
≤ 0
and a(E˜, D + 1
m
T ) = 0. Therefore, by base point free theorem [1] the
linear system |2nDY˜ | gives a required divisorial contraction Y˜ → Y ,
where n≫ 0. 
We can prove that a divisorial contraction (Y,E) → (X ∋ P ) ob-
tained is a purely log terminal blow-up by many ways. For instance,
we calculate the log surface (E,DiffE(0)) below. It is kawamata log
terminal. Therefore, the pair (Y,E) is purely log terminal by inversion
of adjunction.
Before considering the types An, Dn, Ei explicitly let us prove the
following lemma.
Lemma 2.5. Let Γ˜ = S˜ ∩ E˜. Then
(Γ˜2)E˜ = α2
(
KS +DiffS(0)
)
· Γ
a(S, 0) + 1
− α1(Γ
2)S
and
1)
(Γ˜2)E˜ = −
(
α2
1
d1
k
a2a3
+ α1
k(a2 + a3)
a2a3
)
for type An;
2)
(Γ˜2)E˜ = −
(
α2
1
n− 2
+ α1
2n− 2
n− 2
)
for type Dn;
3)
(Γ˜2)E˜ = −
(
α2 ·
1
6
+ α1 · 2
)
,−
(
α2 ·
1
12
+ α1 ·
3
2
)
,−
(
α2 ·
1
30
+ α1
)
for types E6, E7, E8 respectively.
Proof. We have
(Γ˜2)E˜ = α2S˜ · Γ˜ = α2(S · Γ− α1E˜ · Γ˜) = α2S · Γ− α1(Γ˜
2)S˜
= α2S · Γ− α1(Γ
2)S.
By adjunction theorem the lemma is proved. 
2.6. For every type An, Dn, Ei the surface E˜ is a conic bundle. By
calculations (see item 2.7) every geometrical fiber is irreducible. The
curve Γ˜ is a minimal section by lemma 2.5. The surface E is obtained
from E˜ by a contraction of Γ˜.
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In the following diagrams we write a structure of E˜. All singulari-
ties of E˜ are written. The empty circle denotes a fiber (always with
singularities of E˜). Every fiber f and Γ˜ are the toric orbits near some
cyclic singularity of type 1
γ
(b1,b2) at a point f ∩ Γ˜. The bold weight
b2 corresponds to Γ˜.
Another section of E˜, which does not intersect Γ˜, is denoted by E˜0.
The variety Y˜ has a singularity 1
α1
(−α2, 1)× A1 at a generic point of
E˜0.
1) Type An. Let l = (a2 + a3)/k, k1 = (a2d1, α1a3d1 + α2) and k2 =
(a3d1, α1a2d1 + α2). Put b1 = (α1a3d1 + α2)/k1 and b2 = (α1a2d1 +
α2)/k2. Then
Γ˜1a2d1/k1 (l,−b1)



kf1
1
a2d1/k1
(l, b1)




1
a3d1/k2
(l,−b2)



 kf2
1
a3d1/k2
(l, b2)




and
DiffE(0) =
k1 − 1
k1
f1 +
k2 − 1
k2
f2 +
α1 − 1
α1
E˜0.
Note that the log surface (E,DiffE(0)) is toric.
2) Type Dn. Let k1 = (n − 2, 2α1 + α2) and k2 = (2, α2). Put
b1 = (2α1 + α2)/k1 and b2 = α2/k2. Then
Γ˜1(n−2)/k1 (1,−b1)




kf1
1
(n−2)/k1
(1, b1)




1
2/k2
(1,−b2)




kf2 1
2/k2
(1, b2)




 
 
1
2/k2
(1,−b2)




kf3 1
2/k2
(1, b2)




and
DiffE(0) =
k1 − 1
k1
f1 +
k2 − 1
k2
f2 +
k2 − 1
k2
f3 +
α1 − 1
α1
E˜0.
3) Type E6. Let k1 = (2, α2) and k2 = (3, α2). Put bi = α2/ki. Then
Γ˜12/k1 (1,−b1)




kf1
1
2/k1
(1, b1)




1
3/k2
(1,−b2)




kf2 1
3/k2
(1, b2)




 
 
1
3/k2
(1,−b2)




kf3 1
3/k2
(1, b2)




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and
DiffE(0) =
k1 − 1
k1
f1 +
k2 − 1
k2
f2 +
k2 − 1
k2
f3 +
α1 − 1
α1
E˜0.
4) Type E7. Let k1 = (4, 2α1 + α2), k2 = (2, α2) and k3 = (3, α2).
Put b1 = (2α1 + α2)/k1, bi = α2/ki for i = 2, 3. Then
Γ˜14/k1 (1,−b1)




kf1
1
4/k1
(1, b1)




1
2/k2
(1,−b2)




kf2 1
2/k2
(1, b2)




 
 
1
3/k3
(1,−b3)



 kf3
1
3/k3
(1, b3)




and
DiffE(0) =
k1 − 1
k1
f1 +
k2 − 1
k2
f2 +
k3 − 1
k3
f3 +
α1 − 1
α1
E˜0.
5) Type E8. Let k1 = (5, α2), k2 = (2, α2) and k3 = (3, α2). Put
bi = α2/ki. Then
Γ˜15/k1 (1,−b1)



kf1
1
5/k1
(1, b1)




1
2/k2
(1,−b2)



 kf2
1
2/k2
(1, b2)




 
 
1
3/k3
(1,−b3)




kf3 1
3/k3
(1, b3)




and
DiffE(0) =
k1 − 1
k1
f1 +
k2 − 1
k2
f2 +
k3 − 1
k3
f3 +
α1 − 1
α1
E˜0.
2.7. Let us illustrate the calculations in case 1). The other cases are
analyzed similarly.
The curve Γ passes through two different singular points P1 and P2 of
Z. Consider the first singularity 1
a3d1
(−1,−a2d1, 1) at a point P1. Since
the curve Γ is a toric subvariety near P1 we can use a toric geometry.
We refer the reader to [8] for the basics of a toric geometry. Let
N ∼= Zn be a lattice of rank n and M = Hom(N,Z) its dual lattice.
For a fan ∆ in N the corresponding toric variety is denoted by TN(∆).
For a k-dimensional cone σ ∈ ∆ the closure of corresponding orbit
is denoted by V (σ). This is a closed subvariety of codimension k in
TN(∆).
At the point P1 we have Z = TN (∆), where ∆ =
{〈e1, e2, e3〉, their faces} and e1 = (1, 0, 0), e2 = (0, 1, 0), e3 =
(a2+a3
k
, a2d1, a3d1). Note that S = V (〈e3〉), Γ = V (〈e2, e3〉). Then
7
Y˜ = TN (∆
′), where
∆′ = {〈e4, e1, e2〉, 〈e4, e1, e3〉, their faces}
and
e4 = α2e2 + α1e3 =
(
α1
a2 + a3
k
, α1a2d1 + α2, α1a3d1
)
.
Note that V (〈e4, e1〉) is a fiber of E˜ over P1. By considering the cones
〈e4, e1, e2〉 and 〈e4, e1, e3〉, it is easy to prove the requirement. For
example, it is enough to consider the first cone only. If we obtain a
singularity of type 1
r
(γ1, γ2) of E˜ then the another singularity of E˜ (over
P1) has a type
1
r
(γ1,−γ2) automatically.
2.8. Let (X ∋ P ) = (C3 ∋ 0)/Zr(1,−1, q), (r, q) = 1. According to
item 3.8 our problem is reduced to the case of non-singular point. We
obtain that the log surfaces (E,DiffE(0)) have the same structure as
in the case of non-singular point. The condition on weights (β1, β2, β3)
is that 1
r
(β1, β2, β3) is a terminal singularity for some r. This directly
implies that we have the finite number of possibilities of r for all types
Ei.
As in item 2.7 let us demonstrate the calculation of (E,DiffE(0)).
We have X = TN(∆X), where ∆X = {〈e1, e2, e3〉, their faces} and
e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (1, q, r). Also we have Z = TN(∆Z),
where
∆Z = {〈e1, e2, b〉, 〈e1, e3, b〉, 〈e2, e3, b〉, their faces}
and b = (b1, b2, b3) is a vector lying inside of a cone 〈e1, e2, e3〉.
For instance, let us see what takes place at the points P1 =
V (〈e1, e2, b〉) and P2 = V (〈e1, e3, b〉) if we take a blow-up of Z along
the curves C1 = V (〈e2, b〉) and C2 = V (〈e3, b〉) respectively. For exam-
ple, in case An the curve Γ is locally isomorphic to Ci at the points Pi
respectively.
At a point P1 we have Y˜ = TN(∆
′), where
∆′ = {〈e4, e1, e2〉, 〈e4, e1, b〉, their faces}
and e4 = a2e2 + a1b = (a1b1, a1b2 + a2, a1b3). Hence we obtain the
following type of a structure of E˜ over a point P1:
Γ˜1γ3 (γ1,−γ2)




kf11
γ3
(γ1, γ2)




At a point P2 we similarly obtain that a singularity of Y˜ outside Γ˜ is
given by a cone 〈e1, e3, a2e3+a1b〉. Let θ1q+ θ2r = 1, where θ1, θ2 ∈ Z.
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Then the following matrix
M =

1 −θ1 −θ20 θ1 θ2
0 r −q


with integer elements and determinant −1 maps our cone in
〈(1, 0, 0), (0, 1, 0), (t1, t2, t3)〉,
where
(t1, t2, t3) =M(a2e3 + a1b) = a2(0, 1, 0) + a1Mb =
(a1(b1 − b2θ1 − b3θ2), a1(b2θ1 + b3θ2) + a2, a1(rb2 − qb3)).
Hence the structure of E˜ over a point P2 is similar to one as in the
case of a point P1.
2.9. Let (X ∋ P ) = (x1x2+x3x4 = 0 ⊂ (C4, 0)) and the toric divisorial
contraction g : Z → (X ∋ P ) is induced by the weighted blow-up
of C4 with weights (β1, β2, β3, β4) = (a1, a1kd13d14, a3d14, a4d13), where
β1 + β2 = β3 + β4, Exc g = S. Consider a non-singular curve Γ ∼
OP(β1,β2,β3,β4)(β2)|S on a surface S = (x1x2 + x3x4 ⊂ P(β1, β2, β3, β4)),
which is not a toric subvariety of Z. Let h : Y˜ → Z be a blow-up of Z
along a curve Γ, Exch = E˜ is an irreducible divisor. We assume that h
is a toric morphism near a generic point of Γ. In detail, a generic point
Q of Γ lies in a smooth locus of Z. Let H be a general hyperplane
section passing through Q. Then h induces a purely log terminal blow-
up h|H˜ : H˜ → H , where H˜ is a proper transform of H . The morphism
h|H˜ is a weighted blow-up with weights (α1, α2). To be definite, assume
that h∗S = S˜ + α1E˜.
Let Y˜ → Y be the divisorial contraction of S˜ to a point, where S˜ is
the proper transform of S. We obtain a purely log terminal blow-up
f : Y → (X ∋ P ), where Exc f = E. The morphism f is non-toric.
The existence of construction is proved similarly as in the case of non-
singular point, where
D =
2∑
i=1
1
2
{ϕ(x1, x2, x3, x4) + ψi(x1, x2, x3, x4) = 0}|X .
A quasihomogeneous polynomial ϕ is x
β2/β1
1 + x2 + · · · . The curve Γ
is similarly determined from the equality Γ = DZ|S = ˜{ϕ = 0}|S.
The following lemma is proved similarly to lemma 2.5.
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Lemma 2.10. We have
(Γ˜2)E˜ = −α2
1
β1
( 1
β3
+
1
β4
)
− α1
β2
β1
( 1
β3
+
1
β4
)
.
2.11. Using the toric calculations as above-mentioned we obtain the
answer. Let k1 = (β3, α1β2 + α2) and k2 = (β4, α1β2 + α2). Put
bi = (α1β2 + α2)/ki. Then
Γ˜1β3/k1 (β1, −b1)




kf1
1
β3/k1
(β1, b1)




1
β4/k2
(β1, −b2)




kf2
1
β4/k2
(β1, b2)




and
DiffE(0) =
k1 − 1
k1
f1 +
k2 − 1
k2
f2 +
α1 − 1
α1
E˜0.
Note that the log surface (E,DiffE(0)) is toric.
3. Main theorem
Theorem 3.1. Let f : (Y,E)→ (X ∋ P ) be a purely log terminal blow-
up, where (X ∋ P ) is a three-dimensional terminal toric singularity
and f(E) = P . Then either f is a toric morphism up to analytic
isomorphism (X ∋ P ) ∼= (X ∋ P ), or f is described in section 2.
Proof. Let f be not a toric morphism for any analytic isomorphism
(X ∋ P ) ∼= (X ∋ P ). Then there exists a toric divisorial contraction
g : Z → X with the following properties:
I) Exc g = S is an irreducible divisor;
II) Γ is not a toric subvariety of Z for any analytic isomorphism
(X ∋ P ) ∼= (X ∋ P ), where Γ is the center of a divisor E on Z;
III) by proposition 1.5 we may assume that −S is g-ample divisor.
Let DY ∈ | − nKY | be a general divisor for n ≫ 0. Then the
pair (X, 1
n
D) is log canonical and a(E, 1
n
D) = −1, where D = f(DY ).
Moreover, if a(E ′, 1
n
D) = −1, then E and E ′ define the same discrete
valuation of the function field K(X). Hence, a(E, S + 1
n
DZ) ≤ −1
and Γ ⊂ LCS(S,DiffS(
1
n
DZ)), where DZ is the proper transform of a
divisor D on Z.
Lemma 3.2. The set Γ is a non-singular curve.
Proof. If Γ is a point then the proof of [7, Lemma 3.8] implies that
a(S, 1
n
D) ≤ −1. A contradiction. Hence by proposition 1.3 the set Γ
is a non-singular curve. 
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Lemma 3.3. Let h : Y˜ → Z be the inductive blow-up of a pair
(Z,−a(S, 1
n
D)S + 1
n
DZ) (see theorem 1.7), Exc h = E˜ and h(E˜) = Γ.
Then h is a toric morphism near a generic point of Γ.
Proof. A generic point Q of Γ lies in a smooth locus of Z. Let H be a
general hyperplane section passing through Q. Then h induces a purely
log terminal blow-up h|H˜ : H˜ → H , where H˜ is a proper transform of
H . By example 1.6 the morphism h|H˜ is toric. Moreover, h|H˜ is a
weighted blow-up. 
Lemma 3.4. 1) Let (X ∋ P ) be a Q-factorial point. Then the divisor
KS +DiffS(0) + Γ is purely log terminal and anti-ample.
2) Let (X ∋ P ) be not a Q-factorial point. Then there is an effective
Q-divisor Γ′ such that the divisor KS +DiffS(0) + Γ + Γ′ is purely log
terminal and anti-ample.
Proof. Let us consider the first part of lemma. Assume that this divisor
is not purely log terminal at a point P ∈ Γ. Let h : Y˜ → Z be the
inductive blow-up of a pair (Z,−a(S, 1
n
D)S + 1
n
DZ) and Exc h = E˜.
Then h|E˜ : E˜ → h(E˜) = Γ is a conic bundle.
Consider a general Weil divisor Θ on X such that ΘZ |S = Γ, where
ΘZ is the proper transform of a divisor Θ. Since a birational morphism
g is toric, then it is easy to prove the existence of Θ. The divisor
KZ + (1− δ)S +ΘZ + εHZ is purely log terminal outside the point P
and strictly log canonical at the point P for some δ > 0, 0 < ε ≪ 1,
where HZ is a general hyperplane section passing through the point P .
Let
TZ ∈ | −m(KZ + (1− δ)S +ΘZ + εHZ)|
be a general divisor of very ample linear system (m≫ 0) and
KY˜ + T˜ = h
∗g∗
(
KX +Θ+ εH +
1
m
T
)
,
where H = g(HZ) and T = g(TZ).
Lemma 3.5. We have f ⊂ LCS(Y˜ , S˜+Θ˜Z), where f is a curve lying in
the fiber of a morphism h over P and S˜, Θ˜Z are the proper transforms
of S, Θ.
Proof. Assume the converse. By connectedness lemma [3, Theorem
17.4] applied to a divisor KY˜ + T˜ and a contraction Y˜ → X, we have
LCS(Y˜ , T˜ ) = Θ˜Z . Let Q = LCS(Y˜ , T˜ ) ∩ h
−1(P ). By assumption a
point Q is a minimal log canonical center of (Y˜ , T˜ ). The corresponding
divisor with discrepancy −1 and with a center at the point Q is denoted
by E ′.
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In the same way let us consider the (anti-ample over X) divisor
KZ + S + (1 − δ
′)ΘZ + ε
′H ′Z , which is purely log terminal outside P
and a(E ′, S + (1− δ′)ΘZ + ε
′H ′Z) = −1. As before we write
KY˜ + T˜
′ = h∗g∗
(
KX + (1− δ
′)Θ + ε′H ′ +
1
m
T ′
)
.
By the same argument LCS(Y˜ , T˜ ′) = S˜ 6∋ Q. A contradiction. 
Therefore the divisor KY˜ + E˜ is not purely log terminal. Hence the
divisor KY + E is not purely log terminal. A contradiction.
Let us consider the second part of lemma. If the divisor Θ is a
Q-Cartier then Γ′ = 0 and the lemma is proved similarly to the Q-
factorial case. If the divisor Θ is not Q-Cartier then we take a general
Q-Weil divisor Θ′ such that Θ+Θ′ is a Q-Cartier divisor. By the same
argument some curve f in the fiber of h over P lies in the corresponding
LCS. Since the divisor KY˜ + E˜+Θ
′
Y˜
is not purely log terminal along f
for every Θ′ then the divisor KY˜ + E˜+
1
n
DY˜ is not purely log terminal
along f . Hence the divisor KY + E +
1
n
DY is not purely log terminal.
A contradiction. 
According to [7, Proposition 1.3] let us consider three cases in items
3.6, 3.8 and 3.9 respectively.
3.6. Let (X ∋ P ) be a non-singular point. Then g is the weighted blow-
up with weights (β1, β2, β3) = (a1d2d3, a2d1d3, a3d1d2), di = (βj , βk),
where j, k 6= i. We have
(
S,DiffS(0)
)
=
(
Px1,x2,x3(a1, a2, a3),
3∑
i=1
di − 1
di
{xi = 0}
)
.
Lemma 3.7. Let a curve Γ be given by a (quasihomogeneous) poly-
nomial
∑
blx
l1
1 x
l2
2 x
l3
3 = 0 on S = Px1,x2,x3(a1, a2, a3). Then a quasiho-
mogeneous polynomial ϕ =
∑
blx
d1l1
1 x
d2l2
2 x
d3l3
3 with weights (β1, β2, β3)
defines a Du Val singularity in C3x1,x2,x3 and we have one of the follow-
ing cases (up to change of variables), which are considered in section
2 :
An) (β1, β2, β3) = (
a2+a3
k
, a2d1, a3d1), where k | (a2 + a3) and Γ ∼
O
P
(
a2+a3
k
,a2,a3
)(a2 + a3);
D2k+2) (β1, β2, β3) = (2, 2k, 2k + 1), Γ ∼ OP(1,k,2k+1)(2k + 1), k ≥ 1;
D2k+1) (β1, β2, β3) = (2, 2k − 1, 2k), Γ ∼ OP(1,2k−1,k)(2k), k ≥ 2;
E6) (β1, β2, β3) = (3, 4, 6), Γ ∼ OP(1,2,1)(2);
E7) (β1, β2, β3) = (4, 6, 9), Γ ∼ OP(2,1,3)(3);
E8) (β1, β2, β3) = (6, 10, 15), Γ ∼ OP2(1).
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Proof. By the construction of a curve Γ we have deg xm ≥ 2 for every
xm ∈ ϕ. It is enough to prove that ϕ defines a Du Val singularity.
Assume the converse. Write 1
n
D = 1
t
{ϕt + ψ = 0}+D′, where D′ 6= 0
is an effective divisor. We can assume without loss of generality that
one of the following three cases takes place.
Case 1. Let ϕ = x21+x
2
2x3. Then (β1, β2, β3) = (2l+1, 2l+1−2k, 4k),
(2l+ 1, 2l− 2k, 4k+ 2) or (2l, 2l− 2k− 1, 4k+2). The first possibility
is not considered since the curve Γ is singular. In the remaining pos-
sibilities the curve Γ is tangent to a curve C, where DiffS(0) =
1
2
C. A
contradiction with lemma 3.4.
Case 2. Let ϕ does not depend on a variable x3. Then ϕ(x1, x2) =
γ1x
rβ2
1 + γ2x
rβ1
2 + . . ., where γi 6= 0. Similarly to case 1 we have a
contradiction with lemma 3.4.
Case 3. Let ϕ depends on the variables x1, x2, x3 and 1 /∈ Γ(ϕ)
0,
where Γ(ϕ)0 denotes the interior of Newton’s polyhedron. Then we
have a contradiction a(S, 1
n
D) < a(S, {ϕ = 0}) ≤ −1. 
3.8. Let (X ∋ P ) ∼= (C3 ∋ 0)/Zr(1, r − q, q). We can apply the same
arguments as in item 3.6, but it is better to reduce the problem to the
case of non-singular point. Let (X ′ ∋ P ′) → (X ∋ P ) be a natural
cover and Y ′ be a normalization of Y in the function field K(X ′). Then
the induced divisorial contraction (Y ′, E ′) → (X ′ ∋ P ′) is purely log
terminal blow-up [3, Proposition 20.3].
Let us remark that the argument above-mentioned gives the classi-
fication of purely log terminal blow-ups in the case, when (X ∋ P ) is
a three-dimensional Q-factorial toric singularity (that is, (X ∋ P ) =
(Cn ∋ 0)/G, where G is an abelian group acting freely in codimension
1).
3.9. Let (X ∋ P ) ∼= SpecC[x1, x2, x3, x4]/(x1x2+x3x4). It is clear that
the morphism g is induced by the weighted blow-up of C4 with weights
(β1, β2, β3, β4), where β1 +β2 = β3 +β4 and (X ∋ P ) = (x1x2 +x3x4 =
0 ⊂ (C4, 0)). In particular, (βi, βj, βk) = 1 for all mutually distinct
i, j, k. Put (β1, β2, β3, β4) = (a1d23d24, a2d13d14, a3d14d24, a4d13d23),
where dij = (βk, βl) (i, j, k, l are mutually distinct numbers). Then(
S,DiffS(0)
)
=
(
Px1,x2,x3,x4(β1, β2, β3, β4),
∑
i<j
dij − 1
dij
{xi = xj = 0}
)
.
The details of calculation can be found in the paper [6].
Lemma 3.10. Up to permutation of coordinates we have d23 = d24 =
1, a1|a2 and Γ ∼ OP(β1,β2,β3,β4)(β2)|S. In particular, (β1, β2, β3, β4) =
(a1, a1kd13d14, a3d14, a4d13). This case is considered in section 2.
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Proof. Note that ρ(S) = 2 since a complement to the open toric orbit
of S consists of four irreducible curves Ci. Every Weil divisor of S is lin-
early equivalent to some sum of Ci with integer coefficients. Therefore
Γ ∼ C1+C2 = {xi = 0}|S for some i by lemma 3.4. We can assume that
i = 2. Since the curve Γ is irreducible then Γ = {x2+γx
β
1 + . . . = 0}|S,
where γ 6= 0. Hence β1|β2. 

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